Recently observed c-axis optical sum rule violations indicate non-Fermi liquid in-plane behavior. For coherent c-axis coupling, the observed flat, nearly frequency independent c-axis conductivity σ 1 (ω) implies a large in-plane scattering rate Γ around (0, π) and therefore any pseudogap that might form at low frequency in the normal state will be smeared. On the other hand incoherent c-axis coupling places no restriction on the value of Γ and gives a more consistent picture of the observed sum rule violation which, we find in some cases, can be less than half.
C-axis electrodynamics is important in distinguishing high-T c cuprates from conventional superconductors and for understanding mechanism in the cuprates [1] . Since the cuprates have layered structures, interlayer coupling between two adjacent CuO 2 planes plays an essential role, and its exact nature impacts on the recent experimental observation [2] of a significant violation of the conventional optical sum rule of Ferrel, Glove and Tinkham [3] .
The normalized missing spectral weight (NMSW) is different from one and of order of a half in several high-T c cuprates. NMSW is the difference between the area under the real part of the conductivity σ n(s) (ω) = σ n(s) 1
(ω) + iσ n(s) 2
(ω) in the normal minus superconducting state, devided by the superfluid density which is obtained from σ s 2 (ω). We have pointed out in Ref. [4] that in order to explain NMSW of less than one, it is necessary to consider non-Fermi liquid models for the in-plane dynamics, regardless of the nature of the interlayer coupling. A possible such model introduces a pseudogap in the normal state above T c as is observed [5] . Another is the "mode" coupling model determined from consideration of ARPES data by Norman et al [6] . This model has been used to describe kinetic, as opposed to potential energy driven superconductivity.
In this paper, we show that coherent c-axis coupling, even with a pseudogap, cannot easily explain recent experimental findings, but that incoherent coupling describes them including the observed low frequency behavior of the effective NMSW.
The interlayer coupling is represented by a Hamiltonian H c [7] [8] [9] :
where the hopping matrix t ij describes weak interlayer tunneling and c + i1↑ creates an electron with spin ↑ at the site i in the plane 1. We classify interlayer couplings in two classes because the results are remarkably different depending on their nature: i) One is coherent coupling (t ij = t ⊥ ), which originates from an overlap of electronic wave functions between the two planes. For an in-plane Fermi liquid, it was shown in Ref. [4] that the superfluid density (ρ s ) is equal to the missing spectral weight (N n (ω c ) −N s (ω c ) = 8
ω c is a cutoff frequency of the order of a bandwidth). Thus coherent coupling (unless the 2 density of states has a strong variation with energy) can explain the experimental results on optimally doped YBCO and over-doped Tl2201 [10] . ii) The other is incoherent coupling, for which t ij = V i δ ij , where V i is an impurity potential. In this case, we showed in Ref. [4] that NMSW ≥ 1.58. The characteristic difference between coherent and incoherent coupling is whether or not electron momentum is conserved in the interlayer transfer.
In the presence of an external vector potential A z , H c is modified to H c (A z ) by the phase factor exp(±ieA z ). It is sufficient to expand H c (A z ) to second order in A z . The current
with d the interlayer spacing. In linear response theory,
is the current-current correlation function associated with j p and H c is the perturbation
From the c-axis conductivity sum rule [9, 11] the superfluid density ρ s can be written as
where ω c is the cutoff frequency for the interband transitions that H c does not describe, and
we use units such thath = c = k B = 1 and set the volume of the system to be unity.
The penetration depth λ c can be calculated in two ways. Based on the Kramers-Kronig relation for the conductivity, we obtain λ c as 1/4πλ
Alternatively, using Eq.(2) we can also calculate λ c (= 1/ √ ρ s ). Combining these two equations for λ c , we obtain the formula:
where G(k, ω) and F (k, ω) are superconducting Green functions and G 0 (k, ω) is in the normal state. For coherent c-axis coupling (|t k−p | 2 = t 2 ⊥ δ k−p ) electron momentum parallel to the plane is conserved and t 2 ⊥ may depend on the in-plane momentum. For incoherent coupling, an impurity configuration average is implied over a potential
and electron momentum is not conserved, and k and p remain unconstraint.
Coherent coupling. As the simplest case, one can consider a normal state spectral function
based on Fermi-liquid theory. The in-plane scattering rate Γ is expected to depend strongly on direction of the momentum k in the two dimensional Brillouin zone. Cold spot exists along (π, π) and hot spot along (0, π) [6] . The coherent c-axis matrix element t ⊥ , however, is itself dependent on direction and t 2 ⊥ varies as cos 4 (2φ), where φ is the angle defining the in-plane direction of k. This factor makes the c-axis conductivity sensitive mainly to the hot spot, although it remains Drude-like. Here we can ignore both φ dependences and interprete Γ as the scattering rate coming from (0, π) region (hot spot).
However, except for YBCO at optimum doping, σ 1 (ω) vs ω is found to be almost flat over an energy range of a few 100 meV. This implies that Γ and Γ s need to be several 100 meV. 
k and the factors (1 ± ξ k /Ẽ k ) do not imply the phase coherence of BCS theory.
If the frequency cut-off ω c is much larger than any energy scale in our consideration, then under the assumption of a cylindrical Fermi surface, it can be shown that as T → 0,
for superconducting state with an in-plane scattering rate Γ s , which is assumed, for simplicity, to be frequency independent, and 
Γ s may be different from Γ and much smaller as ARPES data imply [5] . Such data are more consistent with the existence of quasiparticles in the superconducting state than in the normal state.
It is worthwhile illustrating the implications of Eq. (4) 
for three values of the pseudogap (or gap) as a function of Γ (or Γ s ). We also show T ω,k F (k, ω) 2 . Clearly the large Γ region can also give a value of the sum rule bigger or smaller than 1/2. Should the pseudogap be larger than the superconducting gap (point b in Fig. 1 ) and Γ s not too much smaller than Γ (point a), the sum rule will be less than 1/2 while if Γ s is much less than Γ such as for point d,
it will be larger than 1/2 but less than 1. Other combinations could also be used. To be more explicit, suppose that∆/Γ = ∆(0)/Γ s + γ with Incoherent coupling. For incoherent c-axis coupling, we need a specific model for the impurity scattering potential |V k−p | 2 and need to average over impurity configuration. Part of the disorder scattering can be due to a mismatch of overlap matrix elements t ⊥ between planes. We use a simple model for the scattering potential
, and E is the complete elliptic integral of the second kind. As one can easily see,κ ′2 K 2 (κ) becomes (π/2) 2 if∆ = 0 regardless of Γ. It can also be inferred from Eq. (5) that i) as∆ increases or Γ decreases, NMSW becomes smaller becauseκ is closer to 1 for a given ω, and ii) as Γ s increases NMSW becomes smaller because κ is closer to 0. In the incoherent coupling case, the normal state response σ Conclusion. We conclude that incoherent c-axis coupling can more easily explain the observed violations of the optical sum rule than can coherent coupling, but that non-Fermi liquid in-plane behavior is required. It is possible that the normalized missing spectral weight is less than 1/2. A sharp increase in accumulated normalized spectral weight as a function of cut-off frequency rising to a value close to its saturated value within a few times the gap as is observed can also be understood within our phenomenological model but not within a pure preformed pair model [13] . 
